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On the basis  of one-dimensional  solutions of the equations of an ax i symmet r i c ,  double-flow 
beam, an adiabatic approximation is constructed that makes it possible to descr ibe the effect 
of a slightly inhomogeneous magnetic field on a s tat ionary,  quasineutral  beam. Tubular and 
strat if ied beam configurations,  confined near the axis,  at  cur rents  of the o rder  of the cr i t i -  
cal cur ren t  and subs tan t ia l ly in  excess  of the cr i t ica l  current ,  a re  considered.  

Equilibrium states of a h igh-current ,  re la t ivis t ic  beam of electrons [1] in a filled plasma tube have 
been studied in [2]. Within the f ramework of the adiabatic approximation we consider  here  the problems of 
control by the pa ramete r s  of a s ta t ionary ax i symmet r ic  beam in a tube with the aid of an external ,  slightly 
inhomogeneous magnetic field. This field makes it possible effectively to change the relat ionship between 
velocity components of the e lec t rons ,  thebeam radius,  etc. Double-flow beams,  being more  regulated so far  
as velocit ies are  concerned,  are  of in teres t  for the fur ther  t ransformat ion  of energy.  The adiabatic ap -  
proximation for a double-flow beam can be constructed f rom a solution that is one-dimensional  with respec t  
to the radius r ,  the constants of this solution being considered as quasiconstants ,  depending slightly on the 
longitudinal coordinate z, with the exception of integrals of the motion: the e lectron energy $, the azi-  
muthal component P0 of the general ized momentum, the adiabatic invariant w, and the cur ren t  J. A quasi-  
one-dimensional  double-flow beam consis ts  of two subcurrents  of e lec t rons ,  which differ f rom each other  
only in the sign of the radial  component of the 4-veloci ty,  

ur -= ! ($~  - -  1 - -  r-2uo 2 - -  u~ ) ' / , ,  uo(~) -= Ao (~) -~  Ps(~) (o .1) 

and it is bounded by the surfaces  r+, r_ on which these subcurrents  become converted f rom one type to the 
other [31 : 

r = r + ,  u r = O ,  w =  ]u,[dr;  J = 2 n  puzrdr (0.21 

Here (O, A 0, A z) is the vector  potential of the se l f -cons is tent  field (O, H 0, H z) 

H .  = - -  rAz,r, H z = r-lAo, r H ~" --~ r-~Ho 2 -t- Hz  2 
r (r-lA..r),~ = 2~pue, r -1 (rA~,~),~ ---- 2~pu~, rp J u~ ! = 2I 

(0.3) 

the potential of the e lec t r ic  field is omitted, in keeping with the neutral i ty of the beam; p is the sca la r  elec-  
t ron density; the quasiconstant  I has the sense of a ro t a ry  cur ren t  formed by oscil lat ions of the e lect rons  
that are t r ansverse  to the beam; an index af ter  a comma denotes a derivative with respec t  to the c o r r e -  
sponding coordinate; the azimuthal components are  defined as covariant;  and the physical constants e, m, 
c are omitted, which cor responds  to depar tures  f rom the usual notation as indicated by the a r rows :  
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Fig. 1 

P/mc- -+  P ,  ~ /rnc2--+$,  eA/rnc~--+ A 
e H /  mc ~ --> H ,  2e~p / mc ~ ~ p, - -  2 e l  / mc'~-+ ] 

(o .4) 

The double-flow quality of a beam requires identity of the 

electrons with respect to the constants P0 and w and is achieved 
by injection of a very narrow beam with identical electron ve- 
locities onto a diaphragm or, for instance, under the following 
conditions: the cathode in the vacuum part of the accelerator 
lies on the magnetic surface A0 = --P0; the region of the single- 
flow stream at the cathode is surrounded by the outermost tra- 
jectory and adjoins the double-flow beam on it, the latter being 
everywhere in a state where conditions are adiabatic and pene- 
trating smoothly to the diaphragm at a small angle with the 
boundary. Violation of these conditions results in velocity dis- 

persion. In this case the double-flow beam considered below will correspond to an actual one as a model 
that takes account of all qualitative properties with the exception of the detailed structure of the distribu- 
tion of the magnetic self-field along the radius. 

I. Tubular Beam 

The system of equations (0.I), (0~ can be reduced to two by simple substitutions 

v,o~ - -  v $ , ~  2 = e ' ~  J r  e~v s in2  ~ ,  u = ( t  - -  v~) '/~ 
(r v~),~ = e2v~ sin ~ cos ~, r - - : / re% e28nlR - -  • 

uz -~- ir-lu~ ~ ~cve ~r ur ~ -~ uu,  ~ ( ~ - - l ) ' h ,  i ~ ] / ' - - t  

(~ .1) 

F o r  s m a l l  ~ the b e a m  is  conf ined  c l o s e  to the q u a s i c y l i n d e r  R(z) ,  and the s o l u t i o n  can  be e x p a n d e d  in 
p o w e r s  of  ~, c o n v e r t i n g  to the s h o r t  c o o r d i n a t e  s - r - - R  

I n t e g r a t i n g  (1.1) wi th  an  a c c u r a c y  up to ~2, we e a s i l y  ob t a in  

~ '  = v / 8 ,  5 ~ [ (u  - u~) (u~ - -  u~ (u~ - u ) ] ' / .  

(1.2) 

(I .3) 

(rH~ + iHe) • = D (s cos ~):1 exp i (~p -T- 6) + v sin ~ + iet*z,, ~ (a,~') -2, a,~" = 1/~ (~,v,)3 (uz' - -  w') 

~ p = O - - ~ p ' + e $ " ,  ~p,,' = Dv  -2, tg ~ -~. 6 / D 

H e r e  ~ ,  D, ~ a r e  q u a s i c o n s t a n t s  and u 1, u 2, U 3 a r e  r e a l  r o o t s  of  the cub ic  equa t ion ,  i n d i c a t e d  in F ig .  1, 

( l - - y 2 )  ( ~ 2 _ _ y )  = D  ~ . ~ 2  u l ~ 0 ~ u  2 ~ 1 ~ u 3  (1.4) 

F i n a l l y , t h e  s o l u t i o n  i s  e x p r e s s e d  in t e r m s  of  e l l i p t i c  i n t e g r a l s  of  the f i r s t  F,  the s e c o n d  E,  and the 
t h i r d  k ind  II: 

z' ---- 2 (us - -  ul)-'l" [uaF (% k) - -  (u 3 - -  ul) E (rp, k)] I~ n 
u = u l  ~ (u~ - -  ul) sin 2 q), k 2 ~ (u2 - -  Ul) ~(us  - -  ul) 

• ,  ]/ua ------~--ulD I H(n,, k, q ~ ) i  - -  ux [ I (n2 ' k ' qDl : / 2 i  Y- ,~ 

nl = - -  ( u 2 - -  u l ) / ( i  - -  Ul), n2 = (u2 - -  u l ) / ( i  ~- ul) 

we =-- S u d z '  = 2/3 (u3 - -  u l )  -v" {[3u32 - -  (us  - -  ul)  (u3 - -  u~)] F (% k) - -  
o 

- -  2~ 2 (u3 - -  u~) E (% k) -k ~/2 (us - -  ul) (u2 - -  u~) sin 2q~ ( t  - -  k 2 sin s ~)'/~} I~/~- 

(I .5) 

The func t ions  m a r k e d  with  a dash  a r e  r e c k o n e d  f r o m  the l ine of m a x i m u m  u = u 2, which  is  s i t u a t e d  
a l m o s t  a t  the  c e n t e r  of the b e a m .  

The u p p e r  s i g n  c o r r e s p o n d s  to the u p p e r  h a l f  of  the b e a m ,  whi le  the l o w e r  s i gn  c o r r e s p o n d s  to the 
l o w e r  ha l f .  The two-va lued  r e p r e s e n t a t i o n  s e p a r a t e s  the s h e e t s  of  the r e q u i r e d  func t ion  s (v) ,  and th i s  
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Fig. 2 

enables one to avoid nonuniformity of the asymptotic representation in 
the neighborhood of the branch point u = u 2. Denoting values of func- 
tions of fixed sign on the boundaries (0.2) by the index zero, we can 
w r i t e  

s_+ = _~_ ao + . . . .  ao = ezo'R, ~+ = 5) :k ~o' + sr 
% = arc sin [ - -  u ~ / (u ,  - -  u~)] v', ix = D/cos  t% 

t 
----f-Y = ~ - - - 2 e o s ' O s i n + +  - ~ s i n r  s i n % '  

8 

w = 2 r  ? = 2 (~o '  - - ~ o ) ,  ? (t%) = - -  y ( - - f ro)  

(1.6) 

The  v a l u e s  of  or0', ~0', w0' a r e  o b t a i n e d  b y  r e p l a c i n g  r w i th  r in  
e x p r e s s i o n s  (1.5) .  The  s i g n s  of  p ,  D,  ~0 a r e  the  s a m e  and  o p p o s i t e  to 
the  s i g n  of  y ,  the  " a n g l e "  ~0 v a r i e s  in  the  r a n g e  - ~ / 2 ,  ~ / 2 .  D u r i n g  
p a s s a g e  f r o m  the  l o w e r  to  the  u p p e r  b o u n d a r y  the  m o d u l i  o f  the  v e c t o r s  
( r - l u  0, Uz), ( r  -1 H 0, H z) r e m a i n  a l m o s t  the  s a m e ,  a n d  in  the  (z, r ,  0) 

p l a n e  t h e s e  v e c t o r s  t u r n  t h r o u g h  the  a n g l e s  2r a n d  y ,  r e s p e c t i v e l y .  The  s o l u t i o n  o b t a i n e d  a b o v e  i s  d e t e r -  
m i n e d  b y  two p a r a m e t e r s :  p ,  D o r  n l ,  O0" In F i g .  2 the  d e p e n d e n c e  o f  the  a n g l e  y t h r o u g h  w h i c h  the  m a g -  
n e t i c  f i e l d  t u r n s  on the p a r a m e t e r s  n l ,  ~0 i s  r e p r e s e n t e d .  In  p a r t i c u l a r ,  F i g s .  1 and  2 e n a b l e  one  to c a l c u -  
l a t e  the  s t a t e  of  a h i g h - c u r r e n t  b e a m ,  a s  d e t e r m i n e d  b e l o w  (2.4) .  

V a l u e s  o f  the  p a r a m e t e r s  n l ,  n2 a r e  c o n f i n e d  to  the  s t r i p  

0.5 < - n~ < t ,  - n~ / ( i  + n ~ )  - -  N~ < n~ < o o  
0 < - - n ~ < 0 . 5 ,  N , < n ~ < - - n ~ / ( l - 4 - 2 n , ) ~ N ~  

(1.7) 

A t  the b o u n d a r i e s  o f  t h i s  s t r i p  the  s o l u t i o n  h a s  the  f o l l o w i n g  a s y m p t o t i c  f o r m s .  

The  c a s e  n 2 ~ N1 c o r r e s p o n d s  to  a v e r y  i n t e n s e  e x t e r n a l  f i e l d  

us ~ - -  ua ~ n / ( 2  - -  n) -= I sin ~o I, n ------- - -  n~ 

~o' .~-~o,  q ~ o ~ / 4 ,  T ~ - ~ k ~ 0 ,  u 3 ~ ] ~ t  

The  c a s e  n 2 ~ N2 c o r r e s p o n d s  to  a s m a l l  t r a n s v e r s e  v e l o c i t y  ( co ld  b e a m )  

(1 .s)  

z' = 1/2 l ix [3 (sin ~/eos % -  ~), u = [ix]z,J 
u'  ~ 2u~/] ~" ] = (% cos %)-1 _ % - ,  0 ~ �9 ~ % 

tg % = 2ix 21 ~o [, J e  (~ cos r  ix l) -~ = I ~" I ~  t 
ix*[ 7] = %, a '  _~ 2ao I ~ l ( e R  I ~" l) -* = tg  %/% - -  t 

F ~ 2 ] ix ] w (aBuT2) -I = To 21(t -f- ~/2 co s-~ ~o) - -  a/~ tg %1 

F o r  s m a l l  2 a c o l d  b e a m  i s  d e s c r i b e d  m o r e  s i m p l y  

(1.9) 

u 2 ~ i x 2 - -  D 2 < ~  l ,  z '  = ( u ~ - - l h 2 t ~ ) t ,  u = z , t '  
to = 2u~'h, w o' = 16/15u2 ~/,, ~50 t = 4 /3u2  s/,, ~" ~ - -  2~o 

(1 . l o )  

The  c a s e  n 2 ~ ~ c o r r e s p o n d s  to s m a l l  D 2. In  the  r e g i o n  g2 < 1 the  s o l u t i o n  h a s  the  f o r m  

u: ~ - -  t ,  u2 ~ ix* + D ~ (ix* - -  t)  -1, u s --~ t 
k 2 = :/2 (ix* + i) ,  ~0 = - - T / 2  = _~_~ ~ / 2  
~o' ] / 2  (F 2E) ~/~ (1 ~4),/, - -  :Po , / )rain = - -  

Wo' = x/31/2 [(2ix * -f- i)  F - -  4,~2E1 .0 ~/, - % I~ I 

(1 .11)  

In t h i s  b e a m  the t r a n s v e r s e  v e l o c i t y  i s  l a r g e  
e r a b l e .  In c o n t r a s t  to the  p r e c e d i n g ,  f o r  p2 > 1 the  s o l u t i o n  c o r r e s p o n d s  to  a r o t a t i o n  of  the  v e l o c i t y  
t h r o u g h  n e a r l y  180 ~ a n d  a s m a l l  r o t a t i o n  of  the  m a g n e t i c  f i e l d :  

U l ~ - i ,  U 2 ~ i - 1 / 2 D 2 ( i x 2 - t ) - l ,  U n f i x 2  

Zo' 2 (i + ix2)-~/~ [~2 F _ (t + ~t 2) E] ~/2 

Wo' = 2/3 (t § ix2)-,/, [(2ix 4 -4- 1) F - -  2ix 2 (~z .~ I)E] I~/] - -  ~/3 lix ], 
- -  D I T  -~  D '  ~ {(2ix ~ - -  2)-'/ ' [~3h 6 + (t~ 2 - -  t) -~ + (2ix 2 - -  2)-21 7 2/I ix I}-L 

k 2 ~--- 2 (t + ix~)-i 

(hot b e a m ) ,  b u t  the  l o n g i t u d i n a l  v e l o c i t y  i s  s t i l l  c o n s i d -  

(1.12) 
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In this  d r i f t i ng  b e a m  the long i tud ina l  ve loc i ty  at the axis  is  s m a l l .  The c u r r e n t  in  the uppe r  ha l f  of the 
b e a m  a l m o s t  c o m p e n s a t e s  the c u r r e n t  in the lower  half ,  but ,  desp i te  the fact  that  the tota l  c u r r e n t  is  s m a l l ,  
the d rop  in  m a g n e t i c  p r e s s u r e  t oward  the c e n t e r  of the b e a m  is l a r g e .  The i m m e d i a t e  ne ighborhood of the 
s i n g u l a r  point /x  = 1, D = 0, in  which r e f l e c t i o n  o r  a b r a n c h i n g  of the b e a m  with a bend  in the axis  can occu r ,  
i s  r e ached  b e c a u s e  of the c o n s e r v a t i o n  of w in a v e r y  s t r o n g  e x t e r n a l  f ie ld .  

The so lu t ion  for  a wide b e a m  could be c o n s t r u c t e d  n u m e r i c a l l y ,  u s i ng  the fol lowing loca l  so lu t ion  of 
the o r i g i n a l  equa t ions  (1.1): 

v - ~ z = + z ' ,  v = v ~ + v ' ,  r = R e %  e = i  
z' = o~,~-lP~ sin "c - -  e,c% -~ (i - -  cos T) - -  a,~% -a (T - -  sin v) 

v' = t - -  v~ - -  x/r (~,()2, r 2 ~ DZv -S + v ,  sin ~ ~ ,  
a= ~ v, [2 (1 + v,dl -v, exp ~= (1.13) 

v'[,=o = z ' j ,=o=0, v,o [~=0=e~, P , =  [2(1 --v,~)]'l' 

It is not d i f f icu l t  to s u p p l e m e n t  (1.13) with the s u c c e e d i n g  t e r m  of the expans ion  in  the s m a l l  dashed  
i n c r e m e n t s .  Then  the o r i g i n a l  equa t ions  can  be i n t eg ra t ed  for  a wide b e a m  with l a r g e ,  u n i f o r m  steps in a ,  

n = 1 ,  2,  . . . ,  r igh t  up to the b o u n d a r i e s ,  on which the e s s e n t i a l  s i n g u l a r i t i e s  of the p r o b l e m  are  loca ted .  

The a s y m p t o t i c  r e p r e s e n t a t i o n  (1.13) r e m o v e s  these  s i n g u I a r i t i e s ,  and does so u n i f o r m l y  with r e s p e c t  
to al l  the p a r a m e t e r s .  Fo r  s m a l l  co n the ex pa ns i on  is  made a c c o r d i n g  to powers  of r .  

2 .  A d i a b a t i c  E q u a t i o n s  

The equa t ions  for  the q u a s i c o n s t a n t s  a, #, D, ~ ,  R follow f r o m  the c o n s e r v a t i o n  of w and J, def ined in  
(1.6), the a b s e n c e  of H 0 ins ide  the b e a m ,  the con t inu i ty  of A 0 on the i n n e r  b o u n d a r y  r _ ,  and the p r e s e n c e  
of an ax ia l  f ie ld  B(z) outs ide  the b e a m :  

C (el) - -  T 12) = ~ cos tb_, ~. ~ %' i 280, R' ~= --  R• 12P0 
txle ~ C = (t -4- e z o ' ) l B ' +  (t - -  ~) sin ~_, 7 ~  - - 2 P o B •  -2 

C cos (q) + 3" / 2) = R' (t + ~zo') ~ - -  (t + k) sin ~+ (2.1) 

Of i n t e r e s t  a r e  an  e l e c t r o n  c u r r e n t  in  which the ve loc i t i e s  have m a x i m u m  o r d e r  ]cold b e a m  (1.9), 
(1.10)], and a l so  a c u r r e n t  of i d e n t i c a l  o s c i l l a t o r s  with l a r ge  e n e r g y  of the t r a n s v e r s e  o s c i l l a t i o n s  [hot 
b e a m  (1.11), (1.12)]. Solut ions  of the ad iaba t i c  equa t ions ,  c o n s t r u c t e d  be low,  apply m a i n l y  to these  s t a t e s .  

In a weak e x t e r n a l  f ield (B~ 1) the b e a m  is  cold* (p2 ~ u2 ~ e2)- F r o m  (1.6), (1.10), (2.1) i t  follows 
that 

* The ad i aba t i c  a p p r o x i m a t i o n  is  app l i cab le  u n d e r  the condi t ion  u 2 >> a 0 / L  >> 1, where  L is the sca l e  of the 
pe r i od i c i t y  of B. Acco rd ing ly  u 2 is  bounded  f r o m  be low.  
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~B' = sin (9 cos ~ (9 {l - -  [l -4- B cos 2(9 sin -~ (9 cos -~ (9]Y,} 
C = (B'[~ -- sin (9)/cos 2(9 = --  J (• sin 2(])) -1 

e' _= 2~ I e~ I'~. d 5w)-v, = I n '  (c sin G)) ~ I-V. 
a' =_ ~/,~ (l%~w)-'/. 12Po)-'/' a o = e '41B' (C sin cI)) z I 

(2.2) 

Negative values  of  B c o r r e s p o n d  to a change in s ign of the ex-  
t e rna l  f ield B on the way  f r o m  the ca thode and a solut ion in the r eg ion  
- B  > sin2~ with the opposi te  s ign in f ron t  of  the r ad i ca l  in R ' .  In Fig.  
3 the so l id  cu rves  dep ic t  the va r i a t i on  of  the d i m e n s i o n l e s s  r ad ius  R '  
of  the b e a m  with the ex te rna l  field p a r a m e t e r  f~, while the dashed  
c u r v e s  depic t  tha t  of  the angle ~.  Monotonic  va r i a t ion  of  a posi t ive  
/3 r e s u l t s  in a h o m o g e n e o u s  b e a m .  The dependence  of  p a r a m e t e r s  of  
the homogeneous  s ta te  on the "winding" angle of the t r a j e c t o r y  is de-  
pic ted in Fig.  4 and is d e t e r m i n e d  by the e x p r e s s i o n s  

R ' = - - c t g 2  D/cos(9 ,J /u=s in  (1)tg 2d) (2.3) 

In the case  of  s t r o n g  f ields (/3 ~ ~-2) and l a rge  c u r r e n t s  (J ~ 
ue-1) i t  fol lows f r o m  (1.6) and (2.1) that ,  with an a c c u r a c y  to c, 

r = T/2 ,  cos T --= t/~a [( i  -~- 4a-2) '/, - -  i], aB ~ (]/• 
R '  = •  T/B)v,, e = (wll~IP(41Pol w0') -'/~ 

With a d e c r e a s e  in B the b e a m  b e c o m e s  homogeneous ,  with 
p a r a m e t e r s  d e t e r m i n e d  by the g r a p h s  of  Fig.  5 and {he r e l a t ions  

(2.4) 

T ~ 2 r  R = [2P01/J~, C = ~ : J / •  (2 ~ 

The quant i ty  -27rP 0 is equal  to the magne t i c  flux su r round ing  the 
emi t t ing  por t ion  of  the ca thode.  T h e r e f o r e  the s ign of  the quant i ty  
R '  in (2.4) m u s t  be the s a m e  as the s ign of  the field at  the ca thode.  
The s ta te  (2.5) is d e t e r m i n e d  by the equ i l i b r ium of the magne t i c  p r e s -  

su re  of the in te rna l  axial  and the ex te rna l  az imutha l  f ie lds .  The d rop  f r o m  the bounda ry  of the b e a m  to the 
c e n t e r  is compe nsa t e d  by the dens i ty  of  the t r a n s v e r s e  m o m e n t u m  flux, which is equal  to the e n e r g y  dens i ty  
of  the t r a n s v e r s e  osc i l l a t ions  

H 2 ~ zu~t2 (eR)-2 ~ 1/4]4P0-~ ' AH2 = U~XS (8R) -2 (2.6) 

F o r  c u r r e n t s  of  the o r d e r  of  the c r i t i c a l  c u r r e n t  (J ~ ~) the magne t i c  field e i t h e r  r o t a t e s  h a r d l y  a t a l l  

7C ~ - - i f  / z ,  C = ! B '/2, R = ( - -  2Po/ B)V2 (9 ~ "~ /2 

o r  i t  r o t a t e s  th rough  an angle of the o r d e r  • 1 8 0  ~ 

7 ~ m _ ~ ,  f f 0 ~ _ ~ _ n / 2 ,  C = - -  R B  / • B ~ (2Po / B)'I~ 

(2.7) 

(2.8) 

~he l a t t e r  case  c o r r e s p o n d s  to the a sympto t i c  f o r m  (1.11). ~he ex t e rna l  field m u s t  change s ign on 
the way  f r o m  the ca thode.  The az imutha l  c u r r e n t s  a re  l a rge ,  and the magne t i c  f ield is ma in ly  axial .  F ig-  
u r e  6 shows the evolut ion of  the b e a m  in i ts  dependence  on B ' :  

1 / 2 [ B I w •  = [  ~ l w o ' ,  a ' o z -  2 a o ~ / W - - - -  a o ' / w o '  (2 .9)  

In the case  (2.7) the equat ion T = 0 r e s u l t s  in the a s y m p t o t i c  f o r m  fo r  a h o t  b e a m  (1.8), (1.12). The 
evolut ion of  a dr i f t ing  b e a m  (1.12) is shown in Fig.  7, where  a0', B ~ a r e  defined by {2.9) 

2 (z / J) ] Po l'hw-'l~ [ D ] ~ D"=  D' ( B')-Y~ (2.10) 

This  b e a m  does not ex i s t  fo r  a field B '  l e s s  than ~/4 .  Nea r  this point  the a s y m p t o t i c  f o r m  (1.12) and 
the ad iaba t ic  condi t ions  b r e a k  down. The th i rd  so lu t ion  of  the equat ion ~ = 0 
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F ig .  6 

sin2t~o = ( x - -  t) (x 2 - -  2x + 2) (x + t)-~x -~, I < x < t .5 

u~ (~_) = 1 - -  x (:;:) I sin ~o]x 

u 3 = (x 2 - -  2x + 2) (x ~ - -  1) -1, ~ =  z2(3 --  2x) (x ~ - - t )  -1 

(2.11) 

d e p a r t s  only  s l i g h t l y  f r o m  the a s y m p t o t i c  f o r m  for  a co ld  b e a m  
(1.9). F i g u r e  8 shows  the func t ions  

(J• ao 21 wPo I */' 
(I P o I w~)'/, ~-~ a~ = a 'F- ' / ' ,  j •  I B [ ~ B'  = F'/, 

2u~. (•  2)'1~ i Po I ' / '  - -  w-'/, =-  u2' = u ' r - ' / ,  

(2.12) 

0.5 ZY 8 y 

Fig. 7 

d e s c r i b i n g  the evo lu t i on  of a b e a m  in c o n f o r m i t y  with (2.7), (1.9). 

3 .  S t r a t i f i e d  B e a m  

A s t r a t i f i e d  b e a m  can  be  c o n s t r u c t e d  f r o m  n a r r o w  t u b u l a r  
b e a m s  (in the t e r m i n o l o g y  [2] of c u r r e n t  f i l a m e n t s ) ,  i f  the p a r a m -  
e t e r s  of  the b e a m  d e s c r i b e d  above  a r e  c o n s i d e r e d  to depend  on 
the n u m b e r  m of  the l a y e r  and  the f i e ld  s t r e n g t h  and the m a g n e t i c  
po t en t i a l  ma tch  on the b o u n d a r y  of n e i g h b o r i n g  l a y e r s  

H~ + - -  H , -  = Hi . , , ,  Ao + - -  Ao- -4- H ,  + (r + + [/2d) d = A~,~ 
Hz  • = ( •177  (~+___ ~/2) + (t + k) sin (q) _____. %')} 

Ho + - -  H a -  ---- H~ .~ ,  r + - -  r -  + d = r~m = r -  (m -4-1) - -  r -  ( m )  

(3.1) 

Equa t ions  (3.1), t o g e t h e r  wi th  the c o n s e r v a t i o n  of J (m) ,  
w(m) (1.6) and  cond i t ions  of type  (2.1) on the o u t e r  l a y e r s  

(3.2) 

m 1 ,  H e - = 0 ,  1 - 2 m =  = /~H~ r = Ao-, M ,  H~ + B (3.3) 

c o n s t i t u t e  a b o u n d a r y  p r o b l e m  for  the p a r a m e t e r s  R, ~ ,  #, D, e and the gap  d b e t w e e n  the l a y e r s .  Below 
we c o n s i d e r  b e a m s  wi th  a l a r g e  n u m b e r  of l a y e r s  M and a s m o o t h  dependence  o f  the p a r a m e t e r s  on the l a y e r  
n u m b e r ,  a s  i s  r e f l e c t e d  in (3.2). Then Eqs .  (3.2) t ake  the f o r m  

H o - / u  = C s i n  ( (I)  - -  7 / 2 )  - -  ~, cos ( ( I )  - -  %') ----- - -  S 

R,m = 2a0+  d, S = _ ~ Y , l •  C ~ F ~ / e  
1 

(3.4) 

F o r  a d r i f t i n g  b e a m  (1.12) Eqs .  (3.1), wi th  an a c c u r a c y  to ~, b e c o m e  

v 2 R  cos (i) = hd - -  Po, m/• v ---- sign C, - -  h - -  C cos (I) 

R (h /R) , . ,  - -  2 (zo' ~ - -  v) cos r + 2~v cos q) = "~C sin (P (3.5)  

In the c a s e  P 0 , m / R  <<1 E q s .  (3.5) b e c o m e  e x p r e s s i o n s  fo r  the s m a l l  a n g l e s  y,  u / 2 - 6 .  This  i s  a 
h o m o g e n e o u s  s t a t e .  The r e q u i r e d  e x t e r n a l  f i e ld  i s  d e t e r m i n e d  f r o m  (3.3) and  is  p r o p o r t i o n a l  to P0 ,m(M) .  
F o r  the  d e n s e s t  pack ing  of  the l a y e r s  (d = 0) the fo l lowing  c u r r e n t  d i s t r i b u t i o n  fo l lows  f r o m  (1.6), (3.4), 
and  the r e l a t i o n  #2a O' ~ 1 (see  F ig .  6): 

s = ~ (t)  [R / R (i)]'/,  
J = ~ ( i )  [RR (l)l- ' / :  w 

(3.6) 

f o r m  

The to t a l  c u r r e n t  • c an  be  v e r y  l a r g e .  

F o r  a b e a m  with co ld  l a y e r s  (1.9), (1.10) s m a l l  v a l u e s  of  y a r e  n e c e s s a r y ,  and  Eqs .  (3.1) t ake  the  

(R sin ~P - -  P),. ,  + hd = 2R (~Po' cos (1) + ez o' sin (I)) 
R (h /R) , . ,  = 2 (ttzo' - -  $o') cos tI) -4- (28Zo' -4- C~') sin (I) 

- -  h - -~  C c o s  (1) + s i n  (1) ~ R t t z •  / u ,  P ~-- Po / • 
(3.7) 

477 



I 

~o 

# 6 8' 
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If the axia l  f ie ld ins ide  o r  outs ide  the f ie ld  is  l a r g e ,  the t e r m s  

r ~ 0 '  can  be neg lec ted :  

h ~ P,R, R (P.a/R).r~ § S vS  = 0 (3.8) 

The funct ion S(P) is  d e t e r m i n e d  by condi t ions  at  the cathode.  
E l e m e n t a r y  cathodes  P = cons t  m u s t  be placed at  va r i ous  l eve l s  of the 
magne t i c  flux. As a whole ,  the cathode is  i n t e r s e c t e d  by the magne t i c  
l i nes  of force .  An e xa mpl e  of a so lu t ion  

S = {k, [P - -  P (i)]Y/', P = 1/4k, [R 2 - -  R 2 (1) + 2R ~ In R (M) /R  (1)1 - -  ~&R2B/• k ,  = const 
(3.9) 

shows that  the c u r r e n t  uS can be l a rge  for  a l a rge  f ie ld  a t  the cathode.  With a d e c r e a s e  in the e x t e r n a l  
f ield the b e a m  b r o a d e n s  somewha t .  

In a b e a m  with opposed a z i m u t h a l  c u r r e n t s  the quan t i t i e s  p, ~,  ~ ,  y, r A0, Hz,  and  P0 change s ign  
f r o m  one l a y e r  to the next .  A c o n v e r s i o n  to the r e p r e s e n t a t i o n  

~-+  ( - t ) ' ~ ,  ~ - +  ( - l )  ~ ~, ..., P 0 / •  C - IF '  P (3.1o) 

r e s u l t s  in  quan t i t i e s  with a cons t an t  s ign  and a change in s igns  in  f ron t  of H z, A~ in Eqs .  (3.1): 

~I2R ( H i  I• + C cos Op cos T / 2 -4- (1 + ~.) sin 00 = 

= - -  ~tz o' sin ~O sin ~,/2, 2z (R sin q) - -  P) = - -  dH~+lg (3.11) 

F o r  a cold,  r a r e f i e d  (a0 << d) b e a m  the comple te  s y s t e m  of equa t ions  i s  

Rh(h/R),m + SS,m = 2hsin q), hR,m -}-2Rsin (I) =: 2P 
tggP---- 2• t g~ /2  = h/S~ --~ Hz•  ~ •  

h(l)  = 2 P / R  - -  sin (I), h ( M ) ~  (-- l ) M B R / •  

Two so lu t ions  a r e  g iven  below that  c o r r e s p o n d  to a powerfu l ,  l oca l i zed  b e a m  unde r  the condi t ions  

(3.12) 

S ( M ) ~ , M ~  I, I B P ( M ) ] >  (2-3)n (3.13) 

The f i r s t  condi t ion  e n s u r e s  the c o m p e n s a t i o n  of the c e n t r i f uga l  fo r ce s  by the pinch fo rces  and equ i -  
l i b r i u m .  Vio la t ion  of the second  condi t ion  r e s u l t s  in  a r ap id  growth in  the r ad ius  of the ou t e r  l a y e r s .  With-  
i n  the scope of (3.13) the angle  ~ i s  c lose  to zr/2 

S = ( i f ,  m)'/,, P = P , ,  R = P ,  (i --  ke -2f) 

hP ,  = Be g [U --  (Hx/2k) in (R/R (M))I, R (i) = P ,  0 : - -  k) 

1~ - -  i = ~ h d f =  1/2 In  - -  h ( t )  -~- H@ f l ,  U = 21(] - -  ]~)-2 ~ 
0 

~_~ (H, / 2k) In (R (M)/R (1)) - -  PB• -1 exp --  2f (M) (3.14) 

A s t e r i s k s  denote quan t i t i e s  tha t  a r e  chosen  as  c o n s t a n t s .  In the case  

f (M) > 2andl B I ~ (2 - -  3) x / P ,  

M.~. I /2H, I (M)  - -  (l - -  k) -~, S (M)I= II ,  V-~M) 
l - -  k = [(H,/8) In ([I,/8)1 -'/2 ~ i (3.15) 

In the second  so lu t ion  the c u r r e n t s  in  the va r i ous  l a y e r s  a r e  i den t i ca l :  

J/•  = (t + 0),2)v,, R = P ,  (i - -  ke-2), P = P ,  
h P ,  = t:IUe t (0), -1 sin (o,f ~ cos ~o,f), me = h 

Fo r  s m a l l  w ,  and m i n i m u m  B we obta in  

(3.16) 

U ~ 2 (l - -  k) -2, S (M) ~ M ---- U0), -~ exp g/2(o, 
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Here, as in (3.14), the modulus of the axial field, starting with the already large value U/P. inside 

the beam, grows exponentially, but farther on a steep drop almost to zero at the outer layer occurs. It is 
possible that the self-field of such a beam is able to provide the magnetic flux (-i) m+l 2~P~ whichis small, 

but of variable sign, in the region outside the cathode, necessary for the formation of opposed azimuthal 
currents �9 

We can now put some of the results in concrete form, as estimates of the dimensional quantities in 
(0.4). Suppose that an annular knife edge of radius irk, directed along a magnetic line of force, serves as 
the cathode of the system in [I] 

Po = - -  B~R~2e/2c = const 

Suppose  ~he r e v e r s e  c u r r e n t s  have  d i s s i p a t e d  and the s e l f - f i e l d  of the b e a m  is  c o m m e n s u r a b l e  with 
o r  e x c e e d s  the  e x t e r n a l  f i e ld  B. 

F o r  l a r g e  e x t e r n a l  f i e lds  a t  the ca thode  Bk ~ 1.7 (~/a) kOe �9 c m  and l a r g e  c u r r e n t s  J ~ •(Rk/a) 8.5 
kA the b e a m  a s s u m e s  a t u b u l a r  f o r m  with t h i c k n e s s  a << Rko If the b e a m  i s  e x t r a c t e d  s m o o t h l y  f r o m  the 
e x t e r n a l  f i e ld ,  the b e a m  does  not  change  i t s  s t r u c t u r e  v e r y  much ,  e q u i l i b r a t i n g  i t s e l f  with i t s  s e l f - f i e l d s  
( i n t e rna l  a x i a l  and  e x t e r n a l  a z i m u t h a l )  t ha t  a r e  c o m m e n s u r a b l e  with B k.  On the a v e r a g e  the t r a j e c t o r i e s  
wind abou t  a c y l i n d e r  of r a d i u s  c 2 p 0 / e J  ~ R k u n d e r  an  ang le  of  45 ~ and the d e n s i t y  of  the o s c i l l a t o r  e n e r g y  
r e m a i n s  c o m m e n s u r a t e  with tha t  of  the t r a n s l a t i o n a l  and  r o t a t i o n a l  e n e r g i e s .  By d e c r e a s i n g  the c u r r e n t  
to J N 8.5 z kA one can  o b t a i n  the d r i f t  b e a m  (1.12) (F ig .  6), in  which p r a c t i c a l l y  a l l  the l i n e a r  e n e r g y  den-  
s i t y  ~ ~2(R/a)J/cm i s  due to the t r a n s v e r s e  o s c i l l a t o r s  and i s  c o m m e n s u r a b l e  wi th  the e n e r g y  d e n s i t y  of  a 
h i g h - c u r r e n t  b e a m .  Such a b e a m  is  of  i n t e r e s t  a s  a m a x i m a l l y  d e n s e  c u r r e n t  of s t r o n g l y  n o n l i n e a r  o s c i l l a -  
t o r s  fo r  ob t a in ing  r a d i a t i o n .  H o w e v e r ,  a d r i f t i n g  b e a m  b r e a k s  down with f i e lds  tha t  a r e  s u b s t a n t i a l l y  l e s s  
than  1.7 ('~/a) kOe �9 c m .  P a s s a g e  t h rough  the d i a p h r a g m  m u s t  r e s u l t  in an  i n c r e a s e  in the o s c i l l a t o r  f r a c t i o n  
of  the e n e r g y .  A f u r t h e r  i n c r e a s e  in the e x t e r n a l  f i e ld  in l o w - c u r r e n t  b e a m s  can a d i a b a t i c a l l y  c o n v e r t  
t r a n s l a t i o n a l  and  r o t a t i o n a l  e n e r g y  in to  o s c i l l a t o r  e n e r g y  (F ig .  5). 

In a w e a k  e x t e r n a l  f i e ld  B k ~ 1.7 ( z / R k )  kOe �9 c m  the b e a m  wi l l  be a n a r r o w  tube wi th  s m a l l  o s c i l l a t o r  
e n e r g y  i f  i t  p e n e t r a t e s  the d i a p h r a g m  a t  a s m a l l  ang le  to the e x t e r n a l  f i e ld .  Upon e x t r a c t i o n  f r o m  the ex  ~ 
t e r n a l  f i e ld  the r a d i u s  of a co ld  b e a m  i n c r e a s e s  m a r k e d l y  ( F i g s .  3 and  4). In a co ld  b e a m  the c e n t r i f u g a l  
f o r c e s  e x e r t  a s u b s t a n t i a l  c o u n t e r a c t i o n  to p inch  c o m p r e s s i o n .  T h e r e f o r e  the a z i m u t h a l  e x t e r n a l  f i e ld  i s  
m a r k e d l y  l a r g e r  than the a x i a l  i n t e r n a l  f i e l d ,  t h e r e  i s  a n  i n c r e a s e  in the a z i m u t h a l  c u r r e n t s ,  and ,  a s s o c i -  
a t e d  with  t h i s ,  the i n c r e a s e  in the c e n t r i f u g a l  f o r c e s  r e s u l t s  in  a s h a r p  i n c r e a s e  in  the l i m i t i n g  c u r r e n t s  
(Fig .  4). If a c o n c e n t r i c  t u b u l a r  b e a m  with o p p o s e d  a z i m u t h a l  c u r r e n t s  i s  f o r m e d ,  then  fo r  m a x i m u m  cen-  
t r i f u g a l  f o r c e s  the a x i a l  f i e l d s  wi l l  be  a l m o s t  c o m p e n s a t e d .  The e x t e r n a l  f i e ld  r e q u i r e d  fo r  l o c a l i z a t i o n  of  
a s t r a t i f i e d  b e a m  wi th in  a r a d i u s  R was  found to be  not  l a r g e ,  1.7 (~ /R)  kOe �9 c m ,  and the o v e r a l l  c u r r e n t  
z M  8.5 kA i s  p r o p o r t i o n a l  to the n u m b e r  of  l a y e r s  Mo H e r e  a s e r i e s  of  c o n c e n t r i c  c a t h o d e s ,  i nvo lv ing  a l -  
t e r n a t i n g  m a g n e t i c  f luxes  of  the o r d e r  2 ~ R u  1.7 kOe ~ cm,  i s  n e c e s s a r y .  The e s t i m a t e s  m a d e  of  the  r e -  
q u i r e d  e x t e r n a l  f i e ld  a t  the ca thode  Bk a r e  g r e a t l y  e x a g g e r a t e d ,  s ince  they  do not  t ake  a c c o u n t  of  the a x i a l  
s e l f - f i e l d ,  which ,  in the b e a m s  u n d e r  c o n s i d e r a t i o n ,  i s  d i r e c t e d  the s a m e  way  a s  the e x t e r n a l  f i e ld  B k,  and  
s u b s t a n t i a l l y  i n c r e a s e s  the t o t a l  f i e ld  a t  the  c a t h o d e .  

High c u r r e n t s  a r e  i m p o r t a n t  fo r  the r e a l i z a t i o n  of  the s t a t e s  d e s c r i b e d  above .  A d e c r e a s e  in the 
r e l a t i v i s t i c  f a c t o r  z and  a p r o p o r t i o n a l  change  in the c u r r e n t s  do not  a l t e r  the s t r u c t u r e  of the  b e a m .  

The a u t h o r  thanks  A. N. I ev lev  fo r  much h e l p  wi th  the c a l c u l a t i o n s .  
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